The stiffness of systems of ODEs that arise from spatial discretization of PDEs causes difficulties for both explicit and implicit time-stepping methods. Krylov Subspace Spectral (KSS) methods present a balance between the efficiency of explicit methods and the stability of implicit methods by computing each Fourier coefficient from an individualized approximation of the solution operator of the PDE. While KSS methods are explicit methods that exhibit a high order of accuracy and stability similar to that of implicit methods, their efficiency needs to be improved. A previous asymptotic study of block Lanczos iteration yielded estimates of extremal block Gaussian quadrature nodes for each Fourier component and led to an improvement in efficiency. In this paper, a more detailed asymptotic study is performed in order to rapidly estimate all nodes, thus drastically reducing computational expense without sacrificing accuracy. Numerical results demonstrate that the new node estimation scheme does in fact accomplish these aims.
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Introduction
Advances in computing power over the last several years have allowed for the solution of mathematical models at higher spatial resolution. In such models, systems of ordinary differential equations (ODEs) that come from the spatial discretization of timedependent partial differential equations (PDEs) have even greater stiffness. This presents challenges for both explicit and implicit time-stepping methods, as explicit methods must use smaller time steps, due to the CFL condition, while implicit methods must solve increasingly ill-conditioned systems of equations, which tends to increase the number of iterations needed by iterative methods. Either way, computational expense is increased nonlinearly with the increase in the amount of data.
For concreteness, we consider a parabolic PDE on the interval (0, 2π),
where L is a second order, self-adjoint, positive definite differential operator. Spatial discretization of the previous PDE (1) results in the system of ODEs
where A is an N × N matrix, and u(t) and u 0 are N -vectors. The solution of the PDE is approximated by finding the exact solution of the system of ODEs, u(t) = e −At u 0 .
Time-stepping methods approximate this product of a matrix function and vector by a polynomial, in the case of explicit methods, or a rational function, in the case of implicit methods. An approach described in [10, 11] is to perform Arnoldi or Lanczos iteration to produce a polynomial of A which can then be used as an approximation of the exponential. For example, consider w = e −At v for a given symmetric matrix A and vector v. If we apply Lanczos iteration to A with initial vector v, j times, where j N , then the jth iteration produces an N × j matrix X j with orthonormal columns, and a j × j symmetric tridiagonal matrix T j such that X H j AX j = T j . Then we can compute the approximation
where each column x k , k = 1, . . . , j, of X j is x k = p k−1 (A)v. The polynomial p n (A) is of degree n in A, the polynomials p j are orthonormal, and w j is a product of a polynomial in A of degree j − 1 and v [11, 14, 19] . However, this approach is not practical due to the nature of time-stepping methods. To approximate an exponential function using a polynomial on a large interval requires using a large number of terms. Similarly, approximating a matrix exponential with greatly varying eigenvalues requires many Lanczos vectors. This is the case if A comes from a stiff system, such as systems of ODEs that result in the spatial discretization of time-dependent PDEs. Therefore, this approach is only practical if the eigenvalues are clustered. An alternative is a component-wise approach that will approximate the high frequency components and the low frequency components of the solution separately, using approximating polynomials that are tailored to those components.
To that end, block KSS methods [13, 15] have been developed. These methods feature explicit time stepping with high-order accuracy, and stability that is characteristic of implicit methods [14] . Previous works on KSS methods [13, 15] have yielded promising results, in terms of accuracy and stability. However, these results are achieved through a highly computationally expensive algorithm in which block Lanczos iteration is used with a different initial block for each Fourier component of the solution. Because these initial blocks are parameterized using the wave number, much redundant computation can be eliminated to obtain an algorithm that requires O(N log N ) operations per time step [16] , additional improvements in efficiency must be realized in order to make KSS methods competitive with other time-stepping methods.
Most of the computational expenses arise from the need to compute componentdependent nodes and weights of block Gaussian quadrature rules [13, 14] . In [14] , a much faster variant of KSS methods was introduced, in which the quadrature nodes are prescribed based on estimates of the extremal nodes of these block Gaussian rules that are obtained through a rudimentary asymptotic analysis of the recursion coefficients produced by block Lanczos iteration [7] . The remaining nodes were prescribed to be equally spaced between the estimated extremal nodes. In this variation of block KSS methods, the nodes are computed very rapidly, because block Lanczos iteration is not actually used, for any Fourier component. The nodes are simply prescribed, instead of obtained by computing the eigenvalues of a block tridiagonal matrix produced by block Lanczos iteration. However, because only the extremal nodes for each Fourier component are accurate approximations of the nodes used in block Gaussian quadrature, this approach to improving efficiency does not necessarily preserve the accuracy of the original block KSS methods.
In this paper, a more thorough asymptotic analysis is performed that provides substantial new insight into the computation of the block Gaussian nodes. This results in a simple method for accurately estimating all of the nodes for each Fourier component, not just the extremal ones, and therefore a dramatically more efficient implementation of the central idea behind block KSS methods that, unlike the approach used in [14] , also preserves the accuracy of the original version of these methods presented in [13, 15] . It can be seen that compared to traditional Krylov subspace-based approaches to computing f (A)v [10] [11] [12] 18] , the approach used by KSS, when accelerated in this manner, exhibits not only highly favorable behavior in terms of accuracy and stability, but also scalability with respect to the number of grid points used in the spatial discretization of the underlying PDE.
The outline of this paper is as follows. Section 2 provides an overview of block KSS methods. In Section 3, asymptotic analysis of the recursion coefficients produced by block Lanczos is performed, and used to demonstrate how the eigenvalue problem for the computation of quadrature nodes approximately decouples in high frequencies. Then, it is demonstrated how this decoupling can be exploited to rapidly estimate these nodes. Section 4 consists of numerical experiments that compare the accuracy and efficiency of the original and accelerated KSS methods, as well as the use of (2). Conclusions and ideas for future work are given in Section 5.
Krylov subspace spectral methods
We consider the parabolic PDE (1) on the interval (0, 2π), where L is a second-order, self-adjoint, positive definite differential operator. Appropriate initial conditions and periodic boundary conditions are imposed. As such, the solution can be represented using a Fourier series
where ω represents the wave number of each Fourier component, and the Fourier coefficients û(ω, t) are given bŷ
That is, · , · denotes the standard inner product of functions on (0, 2π). The idea behind KSS methods is to approximate all Fourier coefficients of the solution independently of one another, using an approximation of the solution operator e −LΔt that is, in some sense, optimal for each Fourier coefficient of the solution [19] . Given the computed solution u(x, t n ) at time t n = nΔt, each Fourier coefficient of the solution at time t n+1 is given byû
Spatial discretization of (3) yields a bilinear form 
and corresponding orthonormal eigenvectors q j , where j = 1, . . . , N . Therefore, we can rewrite u H f (A)v in terms of its spectral decomposition,
As discussed in [6] by Golub and Meurant, the bilinear form (4) can also be regarded as a Riemann-Stieltjes integral
We can then approximate I[f ] by Gaussian quadrature to obtain an approximation of the form
where we use the Lanczos algorithm to acquire the nodes λ j , j = 1, . . . , K and weights w j , j = 1, . . . , K [3] [4] [5] 8] . This Gaussian quadrature rule is exact for polynomials of degree up to 2K − 1; this is proven in [6, Theorem 3.6] for the case of u and v being real vectors, which generalizes to the complex case in a straightforward manner with appropriate complex conjugation.
In the case where u = v, the weights are generally not positive real numbers, which can numerically destabilize the quadrature rule [1] . Alternatively, we consider the block approach
This matrix can be regarded as a matrix-valued Riemann-Stieltjes integral
where μ(λ) is a 2 × 2 matrix, each entry of which is a measure of the form α(λ). Using the most general quadrature formula with K matrix nodes [6, 14] we get
where T j and W j are 2 × 2 matrices. If we diagonalize each T j , the resulting quadrature formula is given by
where λ j is a scalar and v j is a 2-vector. For our quadrature formula, we obtain the nodes and weights by applying the block Lanczos algorithm [7] :
The block Lanczos algorithm produces 2 × 2 matrices M j and B j , that form a block tridiagonal matrix
where each B j is upper triangular. The resulting block tridiagonal matrix produces the nodes and the weights. The nodes λ j from (6) are the eigenvalues of T K , and the "weights" are the 2 × 2 matrices v j v H j from (6) , where v j is a 2-vector consisting of the first two components of each eigenvector of T K .
The block KSS method [13, 15] for (1) begins by defining
where ê ω is a discretization of
e iωx and u n is a discretization of the approximate solution u(x, t) at time t n = nΔt. Next we compute the QR factorization of R 0 ,
which outputs
and
Then we apply the block Lanczos algorithm [7] to the matrix L N , which comes from the discretization of L, with initial block X 1 (ω). This produces a block tridiagonal matrix T K of the form (7), where every entry of T K is a function of ω. Then, at time t n+1 , each Fourier coefficient of the solution is
An inverse FFT applied to the vector of Fourier coefficients û n+1 yields the vector u n+1 , which consists of the values of the solution u(x, t n+1 ) at the grid points. This algorithm has local temporal accuracy O(Δt 2K−1 ) for the parabolic problem (1) [13] . Even higher-order accuracy, O(Δt 4K−2 ), is obtained for the second-order wave equation [15] . Furthermore, under appropriate assumptions on the coefficients of the differential operator L in (1), the one-node block KSS method is unconditionally stable [13, 15] . Compared to the Krylov subspace methods such as those in [10] [11] [12] 18] and other sources, it would seem that KSS methods would be prohibitively expensive, due to the computation of a large number of Krylov subspaces. However, there are two significant mitigating factors. First, such Krylov subspace methods tend to require a number of Arnoldi or Lanczos iterations that increases with the number of grid points in order to preserve the same level of accuracy, as will be demonstrated later in this paper. Second, all the Krylov subspaces generated by KSS methods are closely related by the wave number ω, which allows elimination of redundant computations [14] . However, there is more that can be done to make the approach used by KSS methods, individual approximations for each Fourier component, more efficient. This is investigated in the next section.
Asymptotic analysis of Lanczos iteration
The central idea behind KSS methods is to compute each component of the solution, in some orthonormal basis, using an approximation that is, in some sense, optimal for that component. That is, each component uses its own polynomial approximation of S(L N ; Δt), where the function S is based on the solution operator of the PDE (e.g. S(L N ; Δt) = e −L N Δt in the case of (1)), and L N is the discretization of the spatial differential operator. These polynomial approximations are obtained by interpolation of the function S(λ; Δt) at selected nodes for each component. Then, the computed solution has the form [14]
where D j (Δt) is a matrix that is diagonal in the chosen basis. The diagonal entries are the coefficients of these interpolating polynomials in the monomial basis, with each row corresponding to a particular component. In the original block KSS method [13, 15] , the interpolation points are obtained by performing block Lanczos iteration and then diagonalizing a 2K ×2K matrix -for each component. In this section, we develop a much faster way of obtaining interpolation points, by studying the behavior of block Lanczos in the limit as |ω| → ∞, where ω is the wave number.
The block case
As in the previous section, let u n be a discretization of the approximate solution u(x, t) at time t n = nΔt on a uniform N -point grid. Then, KSS methods use the initial
We start the first iteration of the block Lanczos algorithm by finding the QR-factorization of R 0 :
where
with u n ω is defined as in (10) . We note that if the solution u is continuous, then as |ω| → ∞, |û n (ω)| → 0, so that in the limit B 0 is diagonal.
The next step is to compute
where the matrix L N is a spectral discretization of the operator L defined by Lu = pu xx + q(x)u, with p being a constant. Substituting the value of X 1 from (11) into (12) yields
is the Rayleigh quotient of L N and u n ω . As |ω| increases, the Fourier coefficients of a continuous function go to zero; therefore, as long as the solution is sufficiently regular, the non-diagonal entries of M 1 become negligible; that is,
Proceeding with the iteration, and neglecting any terms that are Fourier coefficients or are of lower order in ω, we obtain
where q is a vector consisting of the value of q(x) at the grid points, q = q −q, and multiplication of vectors is component-wise.
To obtain X 2 , we perform the QR-factorization R 1 = X 2 B 1 . We note that the (1, 2) entry of B 1 , modulo lower-order terms, is the Fourier coefficient v 1 (ω), where
It follows that given sufficient regularity of the solution u, in the limit as |ω| → ∞, B 1 , like B 0 , approaches a diagonal matrix. Continuing this process, it can be seen that every (nonzero) off-diagonal entry of M j or B j , for j = 1, 2, . . . , is a Fourier coefficient of some function that is a differential operator applied to u. Therefore, as long as the Fourier coefficients of u decay to zero at a sufficiently high rate as |ω| → ∞, these off-diagonal entries will also decay to zero. It follows that in this high-frequency limit, the block tridiagonal matrix T K produced by block Lanczos applied to R 0 as defined above converges to the matrix that would be obtained by applying "non-block" Lanczos iteration to the two columns of R 0 separately, and then alternating rows and columns of the tridiagonal matrices produced by these iterations. Therefore, by reordering the rows and columns of T K in such a way that oddnumbered and even-numbered rows and columns are grouped together, we find that the eigenvalue problem for this matrix decouples, and the block Gaussian quadrature nodes can be obtained by computing the eigenvalues of these smaller, tridiagonal matrices. For finite ω, we can then use non-block Lanczos to at least estimate the true block Gaussian quadrature nodes.
Before proceeding, we confirm that this decoupling also takes place if the leading coefficient p(x) of L is not constant. The blocks B 0 and M 1 are the same as in the case where p is constant, except that the (1, 1) entry of M 1 is pω 2 +q. We then have
+ lower order terms,
where, as before, p(x) = p(x) −p, and p is a vector that contains the values of p(x) from x j = jΔx, j = 0, 1, . . . , N − 1. It can be seen that as in the case of constant p, when we compute the QR factorization R 1 = X 2 B 1 , the (1, 2) entry of B 1 , modulo lower-order terms, will be a Fourier coefficient of
, which will approach 0 as |ω| → ∞. Continuing this process reveals that the behavior is the same as in the case where p is constant: the eigenvalue problem for T K (ω) decouples in the limit.
The non-block case
The decoupling observed in the preceding discussion reveals that we can obtain approximations of half of the block Gaussian quadrature nodes for all Fourier components by applying "non-block" Lanczos iteration to the matrix L N with initial vector u, the computed solution, as is done in Krylov subspace methods such as those described in [10] [11] [12] . To estimate the other half of the nodes, we perform an asymptotic analysis of Lanczos iteration applied to L N with initial vector ê ω . The algorithm for Lanczos iteration is given as follows:
We first consider the case where p is constant. Carrying out 3 iterations, which corresponds to a fifth-order accurate KSS method for a parabolic PDE, we obtain the following recursion coefficients, after neglecting lower-order terms:
It follows that the nodes can be easily estimated as
The coefficients α j are always equal to pω 2 modulo lower-order terms. To estimate the coefficients β j for j > 2, we note that in general, the updated v in the above algorithm is given by
Since the last term in (15) will always cancel with the highest-order term in v, if we drop the lower-order terms, then (15) can be written as
where m jx is a grid function representing the derivative with respect to x of a function represented by m j . From (16) it follows that for j ≥ 2, we have
which becomes
Thus, (17) gives us the relationship between β j and β j−1 . Since v 1 ≈qê ω , it follows that approximate Lanczos vectors can be obtained by repeatedly differentiating q(x) and orthogonalizing. We now consider the case in which p(x) is not constant. Expanding until α 3 , as before, we obtain the following results. First,
That is, each α j is ω 2 times a weighted average of p(x), with the weight being an increasing power of p(x), normalized. To estimate the coefficients β j , we use (15) to obtain
From (18) it follows that for n ≥ 2, we have
Thus, (19) gives us the relationship between β j and β j−1 . Since v 1 ≈pω 2ê ω , it follows that β 1 ≈ ω 2 p 2 , and that, in view of (18), approximate Lanczos vectors can be obtained by repeatedly computing powers of p(x) and orthogonalizing, as previously observed in [19] . Since the estimates of all recursion coefficients have a factor of ω 2 , the quadrature nodes for all ω can quickly be estimated by computing the tridiagonal matrix of recursion coefficients, without the factor of ω 2 , and computing its eigenvalues. To summarize, the algorithm for computing u n+1 from u n is as follows: 
. Then, compute û n+1 , a vector of Fourier coefficients of u n+1 , as follows:
where the matrix F N performs an N -point FFT. 6. Perform an inverse FFT on û n+1 to obtain u n+1 .
It should be noted that this algorithm can be easily implemented in such a way that all arithmetic is real.
This approach to node estimation can also be applied to operators in higher spatial dimension, or to operators with different boundary conditions, such as homogeneous Dirichlet or Neumann boundary conditions [2] . Furthermore, by expressing all polynomial interpolants in Newton form, with the centers corresponding to the nodes obtained by applying Lanczos iteration to the solution as in other Krylov subspace methods, a block KSS method with rapid node estimation can be viewed as a correction of the approximate solution computed using (2), in which frequency-dependent approximation is used. In [2] this approach is exploited to reduce the number of Fourier transforms that must be performed during each time step from 2K to K.
Numerical results
In this section, we demonstrate the effectiveness of our approach to selecting component-dependent interpolants of the solution operator for PDE. The following three approaches are compared:
• block KSS, as described in [13, 15] , • block KSS with rapid node estimation as described in Section 3.2, and • using (2) .
In all comparisons of these three methods, Krylov subspaces of the same dimension are used, to highlight the benefit of using component-wise polynomial approximations of the solution operator rather than a polynomial approximation.
At the end of this section, we will also compare the performance, in terms of both accuracy and efficiency, of block KSS with rapid node estimation against (2) , where in the latter method the Krylov subspace dimension is not restricted; rather, Lanczos iteration is performed until convergence is achieved, as in [10] [11] [12] 17, 18] . In all experiments, as the exact solution to these variable-coefficient problems is not known, error is estimated by computing the solution at various time steps and comparing all solutions against the one computed with the smallest time step.
1-D parabolic problems
We first demonstrate the accuracy of KSS methods combined with rapid node estimation on a parabolic equation in one space dimension,
where the coefficients p(x) and q(x), given by (20), (21), (22), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (solid curve), a 4-node block KSS method with Gauss nodes (dashed curve), and Lanczos iteration as described in (2) (dotted curve) on an N -point grid and various time steps. All methods are 3rd-order accurate in time.
Table 1
Estimates of relative error at t = 1 in the solution of (20), (21), (22), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (KSS-est), a 4-node block KSS method with Gauss nodes (KSS-Gauss), and Lanczos iteration as described in (2) are chosen to be smooth functions. The initial condition is
and periodic boundary conditions are imposed. First, we use a Krylov subspace of dimension 4, so as to achieve 3rd-order accuracy in time. The results are shown in Fig. 1 and Table 1 . For both KSS methods, we observe slightly greater than 3rd-order convergence in time, and the error estimates are virtually identical. However, efficiency is not: block KSS with rapid node estimation is approximately 10 times faster than standard block KSS for N = 128, and 20 times faster when N = 256. While (2) can achieve 3rd-order accuracy as Δt → 0, this order of convergence is not exhibited at the time steps used in this experiment, and a slight (20), (21), (22), with periodic boundary conditions, computed by a 6-node KSS method with rapidly estimated nodes (solid curve), a 6-node block KSS method with Gauss nodes (dashed curve), and Lanczos iteration as described in (2) (dotted curve) on an N -point grid and various time steps. All methods are 5th-order accurate in time.
Table 2
Estimates of relative error at t = 1 in the solution of (20), (21), (22), with periodic boundary conditions, computed by a 6-node KSS method with rapidly estimated nodes (KSS-est), a 6-node block KSS method with Gauss nodes (KSS-Gauss), and Lanczos iteration as described in (2) degradation of performance is observed as N increases. By contrast, the accuracy of the two KSS methods with the two grid sizes is virtually identical. Next, we increase the Krylov subspace dimension to 6, so that all methods should be fifth-order accurate. The results are shown in Fig. 2 and Table 2 . Again, in terms of accuracy, the performance of both KSS methods is independent of the number of grid points and the node selection scheme; however, as before, KSS with rapid node estimation is approximately 10 times faster for N = 128 and 20 times faster for N = 256. Using (2) with the same Krylov subspace dimension is not competitive in terms of accuracy; a larger dimension is needed, as will be considered at the end of this section. Unfortunately, both KSS methods achieve only about fourth-order accuracy in time; the expected fifth-order accuracy can only be observed at smaller time steps. The agreement between the two KSS methods can be explained by the accuracy with which the block Gaussian nodes can be estimated using the analysis of the previous section. Fig. 3 plots the nodes used by both methods for Krylov subspace dimensions 4 and 6.
We now repeat this experiment of solving (20), except with more oscillatory coefficients 
For third-order methods, the results are shown in Fig. 4 and Table 3 . At the time steps used, both KSS methods perform identically in terms of accuracy independently of the grid size, but only exhibit second-order accuracy in time; third-order accuracy can be observed at much smaller time steps. As before, the approach of (2) is not competitive with KSS at this Krylov subspace dimension or choice of time step. As with the smoother coefficients, agreement between the two KSS methods can again be explained by the accuracy with which the block Gaussian nodes can be estimated. Fig. 5 plots the nodes used by both methods.
We now increase the Krylov subspace dimension to 6 for all three methods. The results are shown in Fig. 6 and Table 4 . For the first time, we observe a disparity in the performance of the original block KSS method and block KSS with rapid node estimation, which is not as accurate in this case, although both KSS methods again yield results that are, for the most part, independent of the grid size. The reason for this disparity lies in the quadrature nodes corresponding to low-frequency components. While the estimation (20), (23), (24), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (solid curve), a 4-node block KSS method with Gauss nodes (dashed curve), and Lanczos iteration as described in (2) (dotted curve) on an N -point grid and various time steps. All methods are 3rd-order accurate in time.
Table 3
Estimates of relative error at t = 1 in the solution of (20), (23), (24), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (KSS-est), a 4-node block KSS method with Gauss nodes (KSS-Gauss), and Lanczos iteration as described in (2) methods described in Section 3.2 deliver sufficiently accurate approximations of the block Gaussian nodes for nearly all frequencies in the case where the leading coefficient p(x) of the operator L is constant, this is not so when p(x) varies. This is illustrated in Fig. 7 . While overall there is good agreement, as shown in the left plot of the figure, this is not the case for low frequencies, as shown in the right plot, compared to the 4-node case presented earlier.
1-D hyperbolic problems
We now apply all three methods to the second-order wave equation (20), (23), (24), with periodic boundary conditions, computed by a 6-node KSS method with rapidly estimated nodes (solid curve), a 6-node block KSS method with Gauss nodes (dashed curve), and Lanczos iteration as described in (2) (dotted curve) on an N -point grid and various time steps. All methods are 5th-order accurate in time.
with smooth coefficients p(x) and q(x) defined in (21). The initial data is
and periodic boundary conditions are imposed. KSS methods are applied to the wave equation by reducing it to a first-order system and then computing both the solution and its time derivative. Details can be found in [9, 15] . The results for 4-dimensional Krylov subspaces are shown in Fig. 8 and Table 5 . In this case, KSS methods are generally 6th-order accurate in time [9, 15] , and for the Table 4 Estimates of relative error at t = 1 in the solution of (20), (23), (24), with periodic boundary conditions, computed by a 6-node KSS method with rapidly estimated nodes (KSS-est), a 6-node block KSS method with Gauss nodes (KSS-Gauss), and Lanczos iteration as described in (2) most part, that accuracy is achieved in this case. As before, both KSS methods deliver virtually identical results on the two different grids, whereas (2), while more competitive with KSS than in the parabolic case, exhibits a substantial degradation in accuracy as the number of grid points increases. We now solve the second-order wave equation with the more oscillatory coefficients defined in (23), and initial data u(x, 0) = 1 + 3 10 cos x − 3 20 sin 2x + 3 40 sin 3x,
with periodic boundary conditions. The results for 4-dimensional Krylov subspaces are shown in Fig. 9 and Table 6 . In this case, KSS methods are generally 6th-order accurate in time [9, 15] , and for the most part, (25), (21), (26), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (solid curve), a 4-node block KSS method with Gauss nodes (dashed curve), and Lanczos iteration as described in (2) (dotted curve) on an N -point grid and various time steps. All methods are 6th-order accurate in time.
Table 5
Estimates of relative error at t = 1 in the solution of (25), (21), (26), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (KSS-est), a 4-node block KSS method with Gauss nodes (KSS-Gauss), and Lanczos iteration as described in (2) (Lanczos) on an N -point grid and various time steps. All methods are 6th-order accurate in time. that accuracy is achieved in this case. As before, both KSS methods deliver very similar results on the two different grids, although it is notable that in this case, KSS with rapid estimation is slightly more accurate. On the other hand, (2), while more competitive with KSS than in the parabolic case, again exhibits a substantial degradation in accuracy as the number of grid points increases.
N

2-D parabolic problems
We now consider a parabolic problem in two space dimensions, Fig. 9 . Estimates of relative error at t = 1 in the solution of (25), (23), (27), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (solid curve), a 4-node block KSS method with Gauss nodes (dashed curve), and Lanczos iteration as described in (2) (dotted curve) on an N -point grid and various time steps. All methods are 6th-order accurate in time.
Table 6
Estimates of relative error at t = 1 in the solution of (25), (23), (27), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (KSS-est), a 4-node block KSS method with Gauss nodes (KSS-Gauss), and Lanczos iteration as described in (2) where the smooth coefficients are given by
The initial condition is u(x, y, 0) = 1 + 3 10 cos x − 1 20 sin 2y, 0 < x, y < 2π,
and periodic boundary conditions are imposed for both dimensions. The results are shown in Fig. 10 and Table 7 . For both KSS methods, we observe approximately 3rd-order convergence in time, and the error estimates are virtually identical. However, efficiency is not: block KSS with rapid node estimation is approximately 150 times faster than standard block KSS for N = 16, and 600 times faster when N = 32. (28), (29), (30), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (solid curve), a 4-node block KSS method with Gauss nodes (dashed curve), and Lanczos iteration as described in (2) (dotted curve) on an N -point grid (per dimension) and various time steps. All methods are 3rd-order accurate in time.
Table 7
Estimates of relative error at t = 1 in the solution of (28), (29), (30), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (KSS-est), a 4-node block KSS method with Gauss nodes (KSS-Gauss), and Lanczos iteration as described in (2) While (2) can achieve 3rd-order accuracy as Δt → 0, this order of convergence is not exhibited at the time steps used in this experiment, and a slight degradation of performance is observed as N increases. By contrast, the accuracy of the two KSS methods with the two grid sizes is virtually identical. Next, we increase the Krylov subspace dimension to 6, so that all methods should be fifth-order accurate. The results are shown in Fig. 11 and Table 8 . Again, in terms of accuracy, the performance of both KSS methods is independent of the number of grid points and the node selection scheme; however, as before, KSS with rapid node estimation is approximately 150 times faster for N = 16 and 600 times faster for N = 32. Using (2) with the same Krylov subspace dimension is not competitive in terms of accuracy; a larger dimension is needed, as will be considered at the end of this section. Unlike the parabolic 1-D case, both KSS methods actually do achieve the expected fifth-order (28), (29), (30), with periodic boundary conditions, computed by a 6-node KSS method with rapidly estimated nodes (solid curve), a 6-node block KSS method with Gauss nodes (dashed curve), and Lanczos iteration as described in (2) (dotted curve) on an N -point grid (per dimension) and various time steps. All methods are 5th-order accurate in time.
Table 8
Estimates of relative error at t = 1 in the solution of (28), (29), (30), with periodic boundary conditions, computed by a 6-node KSS method with rapidly estimated nodes (KSS-est), a 6-node block KSS method with Gauss nodes (KSS-Gauss), and Lanczos iteration as described in (2) accuracy in time. As N increases, the degradation in performance of (2) is far more substantial than in the 4-dimensional case. We repeat the experiment with more oscillatory coefficients 
is more oscillatory as well. Estimates of relative error at t = 1 in the solution of (28), (31), (32), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (solid curve), a 4-node block KSS method with Gauss nodes (dashed curve), and Lanczos iteration as described in (2) (dotted curve) on an N -point grid (per dimension) and various time steps. All methods are 3rd-order accurate in time.
Table 9
Estimates of relative error at t = 1 in the solution of (28), (31), (32), with periodic boundary conditions, computed by a 4-node KSS method with rapidly estimated nodes (KSS-est), a 4-node block KSS method with Gauss nodes (KSS-Gauss), and Lanczos iteration as described in (2) For third-order methods, the results are shown in Fig. 12 and Table 9 . At the time steps used, both KSS methods perform identically in terms of accuracy independently of the grid size, but only exhibit slightly greater than second-order accuracy in time; third-order accuracy can be observed at much smaller time steps. As before, the approach of (2) is not competitive with KSS at this Krylov subspace dimension or choice of time step, and once again, there is significant degradation in accuracy as N increases, as this increase necessitates a corresponding increase in the Krylov subspace dimension.
We now increase the Krylov subspace dimension to 6 for all three methods. The results are shown in Fig. 13 and Table 10 . As in the 1-D case, we observe a disparity in the performance of the original block KSS method and block KSS with rapid node estimation, which is not as accurate in this case. Furthermore, we also observe a disparity in the Fig. 13 . Estimates of relative error at t = 1 in the solution of (28), (31), (32), with periodic boundary conditions, computed by a 6-node KSS method with rapidly estimated nodes (solid curve), a 6-node block KSS method with Gauss nodes (dashed curve), and Lanczos iteration as described in (2) (dotted curve) on an N -point grid (per dimension) and various time steps. All methods are 5th-order accurate in time.
Table 10
Estimates of relative error at t = 1 in the solution of (28), (31), (32), with periodic boundary conditions, computed by a 6-node KSS method with rapidly estimated nodes (KSS-est), a 6-node block KSS method with Gauss nodes (KSS-Gauss), and Lanczos iteration as described in (2) (Lanczos) on an N -point grid (per dimension) and various time steps. All methods are 5th-order accurate in time. results for the two grid sizes, except that accuracy and order of convergence improves as N increases, while (2), once again, shows the opposite trend. Because the time step is too large, the KSS methods only exhibit roughly second-order accuracy again, on average.
N
Performance
Now, we use (2) in a different way, that is consistent with its use in time-stepping methods such as those described in, among other sources, [11, 17] . That is, for each product of the form f (A)b that needs to be computed, Lanczos iteration continues until convergence is achieved to within a specified tolerance, rather than being restricted to a Krylov subspace dimension that is determined by the desired temporal order of accuracy, as in KSS methods. We solve the 1-D parabolic problem (20), (21), (22), with smooth coefficients and initial data, with grids of dimension N = 128, 256, 512. (20), (21), (22), with periodic boundary conditions, computed by a 4-node block KSS method with rapid node estimation (solid curves), and Lanczos iteration as described in (2) (dashed curves) with various time steps. For both methods, the curves, as displayed from left to right, correspond to solutions computed on N -point grids for N = 128, 256, 512.
The results are shown in Fig. 14 . It can be seen that as N increases, the amount of time needed to achieve a given level of accuracy by (2), allowed to run until convergence is achieved to a relative error tolerance of 10 −7 , is far greater than that required by a 4-node block KSS method with rapid node estimation. For the KSS method, the Krylov subspace dimension is always 4, whereas for (2), the maximum number of iterations needed in a time step for N = 128, 256, 512 was 21, 35 and 60, respectively. On the other hand, the time required by the KSS method scales approximately linearly with N .
Conclusion
We have demonstrated that when block Lanczos is applied to a matrix A obtained by spectral discretization of a differential operator L, for the purpose of approximating a Fourier coefficient v(ω) of a function v = f (L)u, the eigenvalue problem for the block tridiagonal matrix produced by block Lanczos decouples in the limit as the frequency increases. This can be exploited to accurately estimate block Gaussian quadrature nodes for all frequencies with a fraction of the computational effort required to compute them directly. The result is a component-wise approach to time-stepping method in which the computational expense scales linearly with the resolution, as opposed to established Krylov subspace methods such as those in [10] [11] [12] that use the same polynomial approximation of f (A) for every component. While additional investigation into node selection is required, particularly at low frequencies, the framework used by KSS methods opens the door to the development of similar methods with similar scalability and accuracy but even greater applicability. In particular, the techniques presented in this paper can be applied to the solution of nonlinear PDE [2] by combination with EPI methods [17] .
